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Abstract 

We define a Rohlin property for Z^-actions on UHF algebras and show 
a non-commutative Rohlin type theorem. Among those actions with the 
Rohlin property, we classify product type actions up to outer conjugacy. 
We consider two classes of UHF algebras. For UHF algebras in one class 
including the CAR algebra, there is one and only one outer conjugacy class 
of product type actions and for UHF algebras in the other class, contrary 
to the case of Z-actions, there are infinitely many outer conjugacy classes 
of product type actions. 



1 Introduction 

A non-commtative Rohlin property was introduced by A. Connes for classifi- 
cation of (single) automorphisms of von Neumann algebras ( P 
property was generalized for example by A. Ocneanu (|^, ^| 
commuting automorphisms and further to actions of discrete amenable groups. 
On the other hand, this notion has also proved useful in the framework of 
C*-algebras (§, § |, [3[ and in |5[ |l§ Kishimoto established 

a non-commutative Rohlin type theorem for automorphisms of UHF algebras 
(and some AF algebras) and classified automorphisms (i.e., Z-actions) with the 
Rohlin property up to outer conjugacy. 

The purpose of the paper is to extend Kishimoto's work to Z-^-actions. Mo- 
tivated by in Section 2 we introduce notions of Rohlin property and 
uniform outerness to Z^-actions on unital C*-algebras. In the UHF algebra 
case and = 1, the uniform outerness was shown to be the same as the ordi- 
nary outerness of the relevant automorphism on the GNS von Neumann algebra 
obtained via the trace (fl^). Our main theorem here says that for Z^-actions 
on UHF algebras the Rohlin property characterizes the uniform outerness. The 



|, |), and this 
to systems of 
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main idea of the proof is similar to the one in pq | , but to avoid additional tech- 
nical problems we make use of the stability i.e., the vanishing of 1-cohomology 
obtained in 

In Section 3 we introduce three notions of conjugacy to Z^-actions, i.e, ap- 
proximate conjugacy, cocycle conjugacy, and outer conjugacy. Using the gen- 
eralized determinant introduced by P. de la Harpe and G. Skandalis we 
show that approximate conjugacy implies cocycle conjugacy when a (unital) 
C*-algebra is simple and possesses a unique trace. 

In Section 4 we consider product type Z^-actions on UHF algebras, i.e., pairs 
(a, P) of commuting automorphisms 

oo oo 
k=l fc=l 

Considering the case when the x matrices Uk,Vk commute at first, we 
show that the Rohlin property in this case is characterized by the property of 
uniform distribution of the joint spectral set Sp((8)fc^mWfc, (X))!^,„Wfc) (m < n). 
From this we show that any such pairs are approximately conjugate. 

We then investigate two special classes of UHF algebras. The first one is of 
the form (8)^iM , where pk {k G N) are primes and non-negative (finite) inte- 

Pk 

gers ik {k e N) satisfy X^fe^i *fc ^ "^^^ second one is of the form ®fcg_fcMqoo 
with primes qk {k G K) (where 4I^K < oo) and Mgc^ of course means the infinite 
tensor product of Afg^. . For algebras in the first class we construct infinitely 
many non-cocycle conjugate product type Z^-actions with the Rohlin property. 
We would like to emphasize that for Z-actions this phenomenon does not oc- 
cur. On the other hand, for algebras in the second class we show that all the 
product type Z^-actions with the Rohlin property are mutually approximately 
conjugate. Combining these results we get the classification of product type 
Z^-actions with the Rohlin property on UHF algebras up to outer conjugacy. 

2 Rohlin type theorem 

Let be a positive integer . We first define the Rohlin property for Z^-actions 
on unital C*-algebras. As mentioned above this is a simple generalization of 
that in the case of = 1 Let ^i, . . . , <^Ar be the canonical basis of Z^ i.e., 

6; = (0,...,0,1,0,...,0), 

where 1 is in the i-th component, and let / = (1, . . . , 1) throughout this section. 
For m — (mi, . . . , ttt-at) and n = (rii, . . . , tin) G Z^, m < n means to,; < Ui for 
each i — 1, . . . ,N . We define 

toZ^ ~ {{mini, . . . , mjs[nN)\{ni, . . . , njv) G Z^} 
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for TO — (mi, . . . ,TOjv) S and let act on Z^/toZ^ by addition modulo 
toZ^. 

Definition 1 Let a be a Z^-action on a unital C*-algebra A i.e., a is a 
group homomorphism from Z^ into the automorphisms Aut{A) of A. Then a 
is said to have the Rohlin property if for any m e there exist i? G N and 
TO*^"'^^ . . . , to'^-'^^ G with m^-'^), . . . , TO*-"^^ > TO and which satisfy the following 
condition: For any e > and finite subset F of A, there exist projections 

(r = l,...,i?, sgZ^/toMZ^) 

in A satisfying 

E E 4^^ = !' 

'•=1 geZ"/m('-)Z" 

II eW]||<e, (1) 

ii"?.(4''^)-4ll.ii<^ 

for any a; G F, r = 1, . . . , i?, i = 1, . . . , TV, and .9 e Z^/to^^'^Z^ . 



Remark 2 When A is a UHF algebra, using Christensen's perturbation argu- 
ment ([^, Theorem 5.3.]), we can restate the definition of the Rohlin property 
as follows. For any n, to G N with 1 < n < there exist i? G N and posi- 
tive integers m^^\ . . . , to^^' > to which satisfy the following condition: For any 
e > and finite subset F of A there exist projections 



in A satisfying 



E E ^r^i^ 

r=l j=0 

II e'^;^]\\<e 

for each r — 1, . . . ,r, j = 0, . . . , m^^^ — 1 and x G F, and 

iK„(er)-4^iii<^' 

||«,„,(ef)-ef ||<e 
for each n' = 1, . . . ,N with n' ^ n, r = 1, . . . R and j = 0, . . . , to^*") — 1, where 
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For automorphisms of C* -algebras a notion of uniform outerness was intro- 
duced in That is, an automorphism a of a unital C*-algebra A is said to be 
uniformly outer if for any a G A, any nonzero projection p Cz A and any e > 0, 
there exist projections pi, . . . ,p„ in A such that 

n 
i=l 

\\piaa{pi)\\ < e (z = 1, . . . ,n) . 

It was shown that this notion for automorphisms of UHF algebras is equiva- 
lent to the usual outerness for the automorphisms of the von Neumann algebras 
obtained through the GNS representations associated with the traces The- 
orem 4.5]). Based on this fact and the Rohlin type theorem for automorphisms 
of von Neumann algebras due to A. Connes (|^, Theorem 1.2.5]), a C*-algebraic 
version of the theorem (for the UHF algebras) was shown by A. Kishimoto ([p^, 
Theorem 1.3]). We extend Kishimoto's work to Z^-actions. 

Theorem 3 Let a be a Z'^ -action on a UHF algebra A. Then the following 
conditions are equivalent: 

(1) a has the Rohlin property. 

(2) Ug is uniformly outer for each g {0}. 

Once we establish this theorem, we have immediately 

Corollary 4 Let a be a TP' -action on a UHF algebra A. Then the following 
conditions are equivalent: 

(1) a has the Rohlin property as a -action on A. 

(2) dig has the Rohlin property as an automorphism of A for each g € 
Z2\{0}. 

In Theorem ^ it is obvious that (1) implies (2). We devote the rest of this 
section to prove the converse in several steps. 

Lemma 5 Let a be a X^-action on a UHF algebra A. If the condition (2) in 
Theorem [| holds then for any m ~ (mi, 7712) G N^, £ > and any unital full 
matrix subalgebra B of A, there exists an orthogonal family ( ] 17 G Z^, < 
g < m ^ I ) of projections in An B' such that 

l|a?,(es) -e^.+sll < £ 
for any i = 1, 2 and g ^T? with 0<g,S,i-\-g<m — I, and furthermore, 

1 < (lml + l)r(eo) , 
where t is the unique tracial state of A and \m\ = mi ■ 7712. 
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Proof. Let {ttttHt) be the GNS representation associated with r. By the 
uniqueness of a trace we can extend each oig {g G Z^) to an automorphism of 
the AFD III factor TTr{A)" (C B{Hr)) and we use the same symbol ag for this 
extension. Since ag is outer on -KriA)" for 5 G \ {0} by [^5|, Theorem 4.5], it 
follows from Theorem 2] that for any m e there exists a strongly central 
sequence 

({E'^p\geZ\Q<g<m-I) | j £ n) 
of orthogonal families of projections in 7r^(A)" such that 



E 

0<g<m-I 



E^P - 1 



for each j 6 N and 







strongly as j ^ 00 for each i = 1, 2 and 5 G Z^ with < g < m — I, where 
(mi, A:) = (0,fc), (fc,m2) = (fc,0). 

From this central sequence we shall construct a uniformly central sequence 

((/(^")|gGZ2, 0<g<m-/) I jGN 

of orthogonal families of projections in A such that 



/ 



\ 



E 



fif) 

J Q 



\0<g<m-/ 



strongly as j ^ cxd and 







as J cxD for each i — 1, 2 and 5 e Z^ with 0<g,g + £,i<m — I. To do this, 
let ( I j G N ) be an increasing sequence of unital full matrix subalgebras of 
A such that UjAj is dense in A. From Lemma 4.7] we find a uniformly 
central sequence ( | j G N ) of projections in A such that 



U) 







strongly as j — > 00. Changing Cj slightly and taking a subsequence, we may 
assume that ej G {UkAk) n A'j for each j. Let e > 0. From |||, Corollary 6.8], 
by taking inner perturbations, there are ai,a2 G Aut{A) such that 
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U U U 



for i = 1,2. Set 



\ 



I 



kj — Cj 



J2 (air("2)^^(e,) 



, s=(si,S2)ez^{0} 

\-{m-I)<g<m-I 



. 96Z^{0} 
\-{m-I)<g<m-I / 



r]j = T{hj) and kj = T{kj). Then it follows that 

\\hj - kj\\ < e{mi + m2 - 2){(2mi - l)(2m2 - 1) - 1} . 



Furthermore, linij Kj = since 



lim Kj = lim r 



J— >oo 



. sez^{o} 

\ -(m-/)<g<m-7 / 

< lim ^ T{ejag-h{ej)) 



0<g, h<m-I 



< lim V T{ah{ej)ag{ej)) 



g, heZ^, g^h 
0<g, h<m-I 



lim r{E'i^m=^- 



0<g, h<m-I 



Let Pj be the spectral projection of hj corresponding to (0, 7]^). Then pj G A 
since Sp(/ij) is finite. Pj < Cj and r]ji{ej —Pj) < hj because rjjix^^,^ oo)^*^ — * 
{t G [0, oo)), hence 

T-{ej)-Vj^ <r{pj)<T{ej) . 
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In addition 



lb. 



E 



. 9=(9i,92)eZ2\{0} 
\ — (m — I)<.g<.rii—I 



J 



So for any g,h G with < g,h < m — I and g ^ h, we have 

\\ag{Pi)ah{P3)f = \Wg{P3(^h-g{Pj))f ^ \\Pjah-g{pj)f 

= \\P3(^h-g{Pj)Pj\\ 

I \ 



< 



\\pj 



E 



agipj 



< e' 



. gez^\{o} 

\— (rn— /) <^<m — / 



P. II 



where e' = e{mi + 1112 — 2){(2r7ii — l)(2m2 — 1) — 1}. Here \m\rjj — since 
hm Kj = and hm — fc^ || — 0. Therefore taking a sufficiently large j for each 

£ > 0, we obtain the required fg^^ near ag{pj) by slight modification. 

Noting that Eo<,<™-/^(/i'^) ^ 1 and r(/(^)) = r(/(^")), we have 



I 

\m\ 



Furthermore for any unital full matrix subalgebra B of A, taking a sufficiently 
large we may assume that /i^' 6 A n B' for any g. This concludes the proof. 



In Ocneanu's result Theorem 2], applied in the above proof, we have 
the cyclicity condition (under the action) of the projections {Eg^^ | g G Z^,0 < 
g <m — I) 'm the von Neumann algebra ■Kt{A)" . However when approximating 

these projections by the projections ( fl''^ \g £ Z^, < g < m — I) in the C*- 
algebra A, we lose the cyclicity condition. It is our next problem to restore 
this cyclicity condition. To do this we need a technical lemma from |l6| . Let 
K{P{7i)) be the compact operators on P(Z) and let {Eij e Z) be the 
canonical matrix units for A'(P(Z)). On K{P{Z)) we define an automorphism 
a by a{Ei,j) = {i, j G Z). For any n,k,l with 1 < k < I, define 

N = n{2k + l- 1) , 



fc-i 



/ = E 



-En 



-E, 



n{k+l+i) ,n{k+l+i) 



+ 



-E. 
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+ '~En{k+l+i),ni\ + '^^ EniM , (2) 

/ i=k 

e,-a'-"(/) (z = 0,...,n-l) . 

Then ( Ci | i = 0, . . . , n — 1 ) is an orthogonal family of projections in K{P{Z)). 
Hence for any e > 0, there exist k, I with 1 <C fc ^ / such that 

n-l N-1 

Y.e,<PN {Pn = ^m) , 

1=0 j=0 

||cr(ej) - e^+ill < e (i = 0, . . . , n - 1, e„ = eo) , 
n dim cq 

(see ll^, Lemma 2.1] for the detail). Using these estimates we have the next 
lemma. 

Lemma 6 Let a be a Ti^-action on a UHF algebra A. If Og is uniformly outer 
for any g ^ \ {0}, then for any m £ N, e > and any unital full matrix 
subalgebra B of A there exists an orthogonal family ( | i = 0, . . . , m — 1 ) of 
projections in An B' such that 

- e^+ill < e , 
l|a?2(ej) -e,\\ <e , 



r(l - ^ e,) < £T(eo) 



i=0 



for i = 0, . . . , m — 1, where e„i = eg. 

Proof. Let to G N, ei > and let Bi be a unital full matrix subalgebra of 
A. By the above statement there exist ki, G N with 1 <^ ki <^ li and an 
orthogonal family ( | i = 0, . . . , m — 1 ) of projections in if (P(Z)) such that 

m — 1 



i=0 

||CT(ei) - Ci+ill < £i (i = 0, . . . ,TO - 1) , 
m dim eo , 

^^>l-si, (3) 

where Ni = m(2ki +Zi — 1) and = eo. Similarly by the above statement (for 
n = 1, El and -Bi), there exist ^2, ^2 G N with 1 <C ^2 ^ ^2 and a projection e 
in K{P{Z)) such that 

e < ^Ar2 > 
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||CT(e)-e|| <ei 
dim e 



> 1 - ei , (4) 



N2 

where N2 = 2k2 + h - 'i- 

Next by applying Lemma |^ to (A^i , iV2) G N^, any £2 > and Bi , there exists 
an orthogonal family {pg \ g ^ ,0 < g < {Ni — 1, N2 — 1)) of projections in 
An B[ such that 

-P?.+sll < £2 , 
1 < (iViiV2 + l)r(po) (5) 

for any i = I, 2 and g £ with < .g, 6* + g < (A^i - 1, A^2 - !)■ 
If we put 

N2 



7Vi-l Ni-2 >, 

i=l i=0 J 



then we have 



for any i = 0, . . . , iVi - 2, j = 0, . . . , iV2 - 1 and 

N2-I 



+ (1 - P(^,]))i~ f ■ 

1=1 i=0 J 

Noting that Ha^j < £2, we have ||a;i — Ijl < 2(iVi — 1)£2. So 
taking the polar decomposition ui|a;i| of xi for a sufficiently small £2 > 0, we 
obtain a unitary ui with ||wi — 1|| < 4(A^i — 1)£2. By the uniqueness of the polar 
decomposition we have 

for i = 0, . . . , A'^i — 2, J = 0, . . . , N2 — 1. Similarly for , we obtain a unitary 
U2 in A such that 

||li2-l|| <4(7V2-1)£2 , 

Adu2 o ^^^(^(ij)) 

for i = 0, . . . , A^i — 1, j = 0, . . . , iV2 — 2. Let a\ — Adui o and let a2 = 
Adu2 °a^2. Since [p(o,o)] — [P(i,o)] it follows that there exists a partial isometry 
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Vi of An B[ such that vlvi — P(o.o) and vivl — P(i,o)- Similarily there exists a 
partial isometry V2 of A n B[ such that V2V2 — P(o.o) and V2V2 — P{o.i)- Then 
Adv2 o a2{p(ofi)) = p(^o^Q), so Ad V2 o a2 G v4ui(p(o,o)^P(o,o))- On the other hand 
^ Aut{A) has the Rohhn property as a single automorphism, and hence 
so does Ad ^2 ° 0^2 • Therefore Ad ° «2 is stable by ||l^, ^ . More precisely 
for any £3 > 0, any unital full matrix subalgebra B2 of A and the unitary 
V2a2ivi)*ai{v2)vi £ P{o,o)^P(o,o)j if ^1 is taken sufficiently large in advance, 
we have a unitary w in A Cl B'2 such that 

k2"2(wi)*ai(w2)wi - (AduJ o a2(w)) • < £3. 

Let wi = and let 1^2 = V2. Then wi and W2 are partial isometries in A ("1-62 
such that ui^wi = W2W2 =P(o.o): wiw^; =P(i,o): W2W2 — P{o,i) and 

l|ai(w2)wi - Ck2(wi)w2|| = l|t;2a2(wi)*(Q:i(w2)wiw — a2(wiw)u2)w* II < £3 (6) 

Define 

r arHa^K))ar'KK))---a^2K(^2)) {^>J) 
[ a\{a\{w2))*a'2^\a\{w2)Y ■■■a{-\a\{w2)Y {i< 3) 

for fc = 0, 1, i, j = 0, . . . , A'2 — 1. Then we can easily see that ( e\^^ | j, j = 
0, . . . , N2 — 1 ) is a system of matrix units. For any unital full matrix subalgebra 
B3 of A, by taking a sufhciently large B2 including i?3, we may assume that 
{E[^^\k^Q,l] i , j = 0, . . . , iV2 - 1 } C A n B^. Let C^'^' be the C*-subalgebra 
of A generated by { E^^^ = 0, . . . , iV2 — 1 } and let <i>fc be the canonical 
isomor phism from C^^^ onto Pm^K{P{Z))Pn^. Define 

eW=$-i(e). 

Since cr o $fc = (f)j, o a2 [C^'^' , we have from (||) that 

N2-1 

1=0 

||a2(eW)-eW|| <£i , 
r(eW)>(l-£i)iV2rb(o,o)) . (7) 

Furthermore define 

/N2-1 \ 

4=0 
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Again for any unital full matrix subalgebra B4 of A, by taking a sufficiently 
large B3 including B4, we may assume that Wi £ ACi B'^. Then recalling the 
formula (H), we have 



e 



/N2-1 \ /N2-1 

(1)' - 



«^(u;i) U J2 , (8) 



i=0 / \ i'=0 



where X denotes 



fc2-l 

E 



V- J J_ p(0) , fc2 - j (0) , \/j{k2-j) (0) 

, Vi(fc2 - j) (0) 1 ''y^' p(0) 

) j=k2 

On the right hand side of (||), the nonzero terms are calculated as follows: 
a2(^i)-E'jj "2(^1)* = al{wi)p(^o^j)al{wiy 

3, J ' 

«'2K)^^S2+Z2+,"2^^'^^^'(^l)* 

= Q!^(wi)q!^(w2)* • • •Q;2^+'^^-'"^(w2a2(«^i)*) 
§ a^2KK2(z«2)*---a^^+'^+^"'Kai(«;2)*) , 

where x k, y means ||a; — y|| < e. Applying (^) repeatedly we have 

We estimate the other nonzero terms similarly and obtain 

lleW - eW II < ^^fc2(fc2 + /2)£3 . 

Let Ci(fc2,/2j£3) be the right hand side of the above inequality. Then we have 

||a2(e(i)')-e«l| < 2||e(i)'-e(i)|| + ||a2(e(i))-e(i)l| 

< 2ci{k2,l2,£3) +£1 ■ 
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For any £4 > and any unital full matrix subalgebra B5 of A, applying [ p^ 
Lemma 3.5] and taking a sufficiently large B4 including B^,, we have a partial 
isometry ]¥{ of A n such that {Wi)*Wi = e^°\ ]¥{{]¥{)* = e^^^' and 

\\a2iWi)-Wi\\ < ||a2(e("')-e(")|| + ||a2(eW')-e('^'ll+£4 

< £1 +2ci(/c2,Z2,e3) +ei +£4 • (9) 

Of course we can make the last quantity very small. By using this W{ , let D be 
the C*-subalgebra of A generated by 

{a\-\Wi)a\~^iW[) ■ ■ ■ a{{W[) \Ni-l>t>j>0}. 

Here again for any unital full matrix subalgebra Bq, by taking a sufficiently 
large B^ including Bg, we may assume that D C A n B'g. As I? is isomor- 
phic to PniK{P{Z))Pn-^, let 5" be the canonical isomorphism from D onto 
Pn^K{P{Z))Pn^ and let 

for i — 0, . . . ,m ~ 1. Then { fi | i = 0, . . . , m — 1 ) is an orthogonal family of 
projections in ACi B'^ such that 

\\ai{fi) - fz+i\\ < ei , 

mT(/o) > (l-£i)iViT(e(°)) (10) 
for i — 0, . . . ,m ~ 1, where /,„ = Jq. Thus we have for i = 0, . . . , m — 1, 

\Mf^)-f^+l\\ < \Mh)-Mm + \\c^liM-h+l\\ 

< 2||wi-l||+£i 

< 2 • 4(iVi - 1)£2 + £1 . 

Using the formula (|^), the formula (||) and 

\\a1a2 - a2ai\\ < 2(||ai - a^JI + ||a2 - a^JI) 
< 4(||ui-l|| + ||u2-l||) , 

we can also make ||a^2(/i) ^ fi\\ very small. Finally we want to estimate t(/o). 
We have already three inequalities from (||),(0) and ( pO| ) 

1 < (7ViA^2 + l)r(p(o,o)) , 

Tie^°^) > (l-£i)A^2r(p(o,o)) , 
mT(/o) > (l-£i)iViT(e(°)) . 

From these we obtain 

™r(/o) > (1 - eifN^N2^^-j^-^ (^mr(/o) + " E ' 
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Since 1 ^ ki <ti k, { fi\i — 0, . . . ,m — 1) satisfies the desired conditions. | 

Proof of Theorem |[ 

Let a be a Z^-action on a UHF algebra A which satisfies the condition (2). 
For any m G N we take toq, mi e N such that m <g; mi ^ uiq and mo is 
divided by mi. Furthermore for any ei > and finite subset F of A, we take 
a unital full matrix subalgebra Bi of A such that for any x G F there exists 
y G Bi with \\x — y\\ < ei. If we apply Lemma ^ to any n G N and £2 > then 
we have an orthogonal family (ei|i = 0,...,m — l)of projections in An B'l 
satisfying 

ll"5i(6i) - e-j+ill < £2 , 
\\a^2iei) - < £2 , 

rno-l 

r(eo) > nT(l - ^ e.,) 

for i ~ 0, . . . , mg — 1, where = gq. This is not sufficient because the sum 
^™ ei of the projections (e^) may not be 1. We will cope with this problem 
now. Put 

i=0 V i=0 / \ i=0 / 




mo-1 

a;2 = X e 

and let uil^ij and U2|2:2| be the polar decompositions of xi and X2 respectively. 
As in the proof of Lemma ^ we can show that ui and U2 are unitarics in A 
satisfying 

||mi - 1|| < 4mo£2 , 
Adui o a5i(ei) = e^+i 
for j = 0, . . . , mo — 1, where Cma = 60, and 

||ti2 - 1|| < 4mo£2 , 
AdU2 O 052(61) = 6i 

for i — 0, . . . , mo — 1. Let oi ~ Adui o 05^ and let 02 — Adu2 o a^^. Then 
o™" and 02 are automorphisms of eoAeo. By Lemma ^ there are an orthogonal 
family {pj | = 0, . . . , ?i — 1 ) of projections in A n i3J and a positive number 
ci(mo,£2) which decreases to zero as £2 ^ such that 

n-l 
i=0 
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Ilarfe) -K+ill < ci(mo,e2) , 
\\a2{Pt) -Pt\\ < ci(mo,e2) 
for i = 0, . . . , n — 1, where Pn = Po, and 

r(p,) = r(l - e) , 

where e = X^I^LV^ ^i- have used the fact T(eo) > 7it(1 — e) here. For any 
£3 > and any unital full matrix subalgebra B2 of A, by taking a sufficiently 
large Bi and by applying [ [Tsl , Lemma 3.5], there exists a partial isometry w G 
An B'2 such that 

— 1 — e, vv* = po j 
\\a2{v)-v\\ < ||a2(po) -Poll + ||a2(l - e) - (1 - e)|| +£3 

< Ci(mo,£2) + TOo£2 + £3 ■ 

As before there also exists a unitary m'j e A satisfying that ||w'j — 1|| < 4ci(mo,£2) 
and 

Adu'^oa'^'^ip,) ^p^+l 

for i = 0, . . . , n - 1. Let /3 = Adu[ o a^" and let w = vT^ YJlZ^ (3'{v). Then 
we have 

w*w — 1 ~ e, WW* < Co , 

\\(3{w) -w\\ <n-i -2 , (11) 

\\a2{w) ~ w\\ < C2(mo,n, £2,£3) 

for some positive number C2(mo, n, £2, £3) which we can make very small. Fur- 
thermore by taking B2 very large we may assume that w £ AnB'^ for any unital 
full matrix subalgebra B^ of A. Let 

r a]-\w)a\-^{w)---a{{w) {if i > j) 
^hj = { a{~^{ww*) {if i = j) 

[ a\{wra\+\wr---ai-\wr {ifKj) 

for < i, j < mo and let C be the C*-subalgebra of A generated by { Eij \ < 
i,j< mo — 1 }. Then C is isomorphic to Mma+i and we may assume that C 
is a subalgebra oi AnB'^ for any unital full matrix subalgebra B^ of A if ,63 is 
very large. Let 



U = 



• 

1 
1 



1 







1 



mo + l 
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By simple calculation ai \C = AdU and 

Sp{U) = {1} U { I A; = 0, . . . , mo - 1 } . 

Define orthogonal families ( e-^^ | i = 0, . . . , mi — 1 ), ( ej^'' \j = 0, . . . , mi ) of 
projections in AnB'^ as follows: 

mi 

k=0 
— ^3,3 ■ 

Since ( E'jj | < i, j < mo — 1 ) is a system of matrix units in A H B'^, there are 
canonical systems ( e^^\ \ Q < k,l < mi — 1), { e^^\ \ Q < k,l < mi) oi matrix 

units associated with ( e^.^^ ) and ( e^^^ ) respectively. Define a partial isometry 
y in A n 54 by 

mi— 1 mi 
i=0 3=0 

where e^|^„^_i = ej^^_i and e^|+i^„^ = e^^^. Then 

mi— 1 mi / mo \ 

E«r^H-E4^^ = i- = E^M , 

i=0 j=0 \ i=0 / 

AdV{ef^)^ef^, , 
AdV{ef) = e<f_l, 

for i = 0, . . . , mi — 1 and j = 0, . . . , mi where em\ = e^'^ and e^^^i = e^^- By 
a simple calculation 

Sp{V) = { e'"o-mi I = 0, . . . , mo - mi - 1 } U { | Z = 0, . . . , mi } . 

Therefore Sp(V^) is very close to Sp{U) if mo and mi are very large, i.e., V is 
almost unitarily equivalent to U. Consequently we can find orthogonal families 
( /i I i = 0, . . . , mi — 1 ), ( /j^^ I j = 0, . . . , mi ) of projections in ^ n and a 
small enough positive number C3(mo, mi, £2, £3) in such a way that 

mi — 1 mi 
i=0 j=0 

^) - /i+lll < C3(mo,mi,£2,£3) , 
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||a2(/f ^) - ^11 < C3(mo,mi,£2,e3) , 
-/j+ill < C3(mo,TOi,£2,e3) , 
||a2(/j^^) - /j^'ll < C3(TOo,mi,e2,£3) 
for i = 0, . . . , mi - 1 and j = 0, . . . , mi, where f^} = f^^^ and /^^^^^ = flf\ 



Then by considering (|llD, if n is very large, 

(/f)|z = 0,...,mi-l), 

(/f |j = 0,...,mi), 
(ci - a\{ww*) I z = 0, . . . , mo - 1 ) 

satisfy the conditions appearing in Remark ^ (for n = 1). Hence a has the 
RohUn property. I 



3 Conjugacy 

In this section we introduce three notions of conjugacy for Z^-actions on C*- 
algebras and discuss their relationship. First we prepare some notations. For 
Z^-actions a, /3 on a unital C*-algebra A, we write a /3 when 

lla^ -7°% °7"i <£ {t = l,...,N) 

7-0 7 

for e > and 7 G Aut{A). For simplicity w will be denoted by 5^ or ^. Recall 
that a 1-cocycle for a means a mapping u from Z^ into the unitaries U{A) of 
A satisfying Ug^^ — Ugag{uh) for each g,h £ . 

Definition 7 Let a and /3 be Z^-actions on a unital C*-algebra A. 

(1) a and /? are approximately conjugate if for any e > there exists an auto- 

■y.e 

morphism 7 of A such that a ~ [3. 

(2) a and [3 are cocycle conjugate if there exist an automorphism 7 of A and a 
1-cocycle u for a such that 

Adug o ag = J o Pg o 

for each g £ Z^. 

(3) a and /3 are outer conjugate if there exist an automorphism 7 of A and 
unitaries ui, . . . , u^r in A such that 

Ad Ui o a^. =70 o 7"-'- 

for i = 1,.. .,iV . 
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Cocycle conjugacy of course implies outer conjugacy, and we have 



Proposition 8 Assume that A is a simple separable unital C* -algebra with a 
unique tracial state. Then approximately conjugate -actions on A are cocycle 
conjugate. 

Our proof is based on the generahzation of the determinant introduced by 
P. de la Harpe and G. Skandalis (see |l4j for details) and the famous 2x2 
matrix trick due to A. Connes (see ||^). We quickly review basic facts on the 
former. For a unital C*-algebra A, we let GLn{A) the group of the invertible 
elements in the n x n matrices M„(A) over A (equipped with the C*-norm). 
The inductive limit of topological groups {GLn{A)\n £ N) with the usual 
embeddings GLn{A) GLn+i{A) is denoted by GLoo{A) and the connected 
component of the identity by GL^{A). Suppose that r is a tracial state on A. 
If ^ is a piecewise continuously differentiable mapping from [0, 1] into GL'^(A), 
we define 

Ar{o^^J^'r[mm-')dt 

(note that the range of ^ is contained in GLn{A) for some n since [0,1] is compact 
and that r actually means t (g) tr on A (3 M„ = M„(A)). The determinant 
At- ([0) associated with a tracial state r is the mapping from GL'^{A) into 
C/T*(is:o(^)) defined by 

Here p is the quotient mapping from C onto C/t^{Kq{A)), and ^ is a piecewise 
continuously differentiable mapping from [0,1] into GL^{A) with ^(0) = 1 and 
C(l) = 2:. ... 

A crucial fact here is that A^. is a group homomorphism. For a unitary 
X G A with ||a; — 1|| < 1, the logarithm h = log(a;) (with the principal 
branch) makes sense and we can consider the path ^{t) = exp{iht) from 1 to x. 
Since ^{t)£,{t)~^ — ih, we have 



Proof of Proposition g 

Let a and f3 be approximately conjugate Z^-actions on A. In general, if 
an automorphism of a simple unital C*-algebra is close to the identity in norm 
then it is inner, and furthermore it is implemented by a unitary which is also 
close to the unit of the algebra. Hence for a sufficiently small £ > there exist 
unitaries ui, . . . , un in A and an automorphism 7 of A such that 

Adui o a^. =70 (3^. o , 

\\u, - 1|| < e 
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for i = 1, . . . , A^. We want to show 



(12) 



for any k,l = I, . . . , N. From the commutativity of , and the shiiplicity of 
A, there exists A £ T such that 

{uia^^{uk))*Uka^^{ui) = Al . 

Since Uk, ui are close to 1, we can set 



and 



H{s) = ^Aog{{ula^,{ul)yula^^{ul)} 



for s G [0, 1]. Applying A,- to the both sides of the equality 
we have 

-p(T(ae, (s/ifc))) - p{T{shi)) + p(T(s/ifc)) + p(T(a., {shi))) = p{t{H{s))) . 

The uniqueness of a trace shows that the left hand side of the above equality is 
zero, i.e., t{H{s)) £ t^{Ko{A)) for any s £ [0, 1]. Since t^,{K(){A)) is discrete in 
C and r(ff(0)) = 0, we obtain H{1) = t{H{1)) = i.e., A = 1. Using these 
unitaries ui, . . . , mat, we construct a desired 1-cocycle by the method in We 
consider the Z^-action a on M2{A) defined by 



1 





o a^. 



Since ct^^ , . 
Note that 



, cr^„ commute with each others from (|1J), cr is indeed well-defined. 







■ 




^9 





V . 


)-[ 



ag{x) 




7°/3s°7 ^(y) 



for any g G Z and a;, y G A. The identity 



shows 



" ■ 




■ 


■ 




' X ' 




■ 


1 " 


X 




1 



















7°/?s°7 ^{x) = Adug o ag{x) , 



where Ug is the desired 1-cocycle defined by 



(see pi Lemma 8.11.2]) . 



" ■ 




■ 


■ 




_ Ug 




1 





) 
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Remark 9 If a and (3 are outer conjugate automorphisms of a UHF algebra 
with the Rohlin property, then they are approximately conjugate by the stability 
property. Hence the three notions of conjugacy defined above are the same for 
those automorphisms. However outer conjugacy does not imply approximate 
conjugacy for Z^-actions. See Remark 111 for a counter-example. 



4 Product type actions 

In this section we discuss product type Z^-actions on UHF algebras. As in the 
case of single automorphisms, the Rohlin property for these actions is closely 
related to a notion of uniform distribution of points in T^. First we say the 
A^-dimensional version of H, Lemma 4.1]. This can be shown as in the one- 
dimensional case, so we omit the proof. 

Proposition 10 Let ( 5*^ | fc G N ) he a sequence of finite sequences in 
i.e., 

Sk = {sk,p |p = 1, . . . ,nfc ) , 

for each fc £ N and p = 1, . . . , rife. Then the following conditions on {Sk\k € 
N ) are equivalent. 

(1) 

lim — V]/(sfe )= / f{s)ds 
p— 1 ^ 

for any f 6 C(T^), where ds denotes the normalized Haar measure on T^. 
(2) 



lim — si = 

p=l 



for any I = (Zi, . . . , In) G Z^ \ {0}, where s' denotes s'/ • ■ • for each s 

(si,...,sjv) eT^. 

(3) 

/ JV \ N 

lim ^.k n[^i^^2^') = (2-)-^n(^^^' -^i') 

" \i=l / i=l 



for any < O'^^ < < lix , where Vk is defined by 

Vk{S) = 'ii p \ 1 <p <nk and a.Tg{sk,p) G 5 } 
for each subset S 0/ 0^=1 [O7 27r) and denotes the cardinality of the set F. 
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These conditions necessarily imply that nfc — > cx). Moreover suppose that ( nfe | fc e 
N ) has the following asymptotic factorization into large factors: For any n G N 
there exists positive integer ko such that for any positive integer k > ko one has 



n 



(1) onf-'^) > where n^^^ are the components ofuk, i-e., = nl"'^^ • ■ -n^f^^ 



k 1 ■ 



Then the above conditions are also equivalent to 

(4) For any e > there exist positive integers fco and uq such that for any 
fc, n\}\ . . . ,n^i^^ € N satisfying k > fco, n'l^\ . . . ,71^^' > no andnu = n^i^^ ■ ■ ■n')^\ 
there exists an bijection ip from {1, . . . , 71^:} onto {1, . . . , n^j}'^}x- • • x{l, • • • , n^j!^^} 
such that 

<e (13) 




Sk^p - (exp I 27ri ■ ATii^ ),..., exp I 27ni • ^"^^flY ] ) 



(N) 
^k 

for any fc and p, where \s\ = maxj \sp\ : 1 < p < N} for each s € and 
{ip{p))i denotes the i-th component ofip{p). 

If Sk satisfies the estimate (^3|) for some ip as above, then Sk is said to be 
(n^^-* , ■ • ■ , n^k^^-jS) -distributed. If one of the conditions of the above proposition 
holds then ( 5*^ | fc G N ) is said to be uniformly distributed. 

Definition 11 Let a be a Z^-action on a UHF algebra A. Then a is said to 
be a product type action if there exists a sequence ( ruk \k £ N ) of positive 
integers such that A = and 

ag{Ak) = Ak 

for any g G and fc G N, where Ak denotes the C*-subalgebra of A corre- 
sponding to M„-,^ (g) {(S)l^kClmi)- 

Remark 12 In the situation above, if = 2, then one finds unitaries u^k \ u"^^ 
in Ak and Afc G T such that 

(1) (2) \ (2) (1) 

for any p, g G Z. Since u']^\u^k^ are unique up to a constant multiple, is 
unique. In addition A™*" — 1. For if /ii is an eigenvalue of with multiplicity 
ri then /iiA^^ is also an eigenvalue of uj, with multiplicity ri for each p G N. 
Since is finite-dimensional, there exists po G N such that A^.° = 1 and 

A^. ^ 1 for any p — 1, . . . ,po ^ 1- If {l^i^k^ \P ~ 0, . . . ,po ~ 1 } does not 
exhaust all the eigenvalues of u^, then we take an eigenvalue of uj. not 
belonging to { /^lA^^ |p = 0, . . . ,po — 1 } and repeat the same process. Thus 
there exist eigenvalues /ii , . . . , /is of uj. with multiplicity ri , . . . , respectively. 
Since ruk = (ri + • ■ • + rs)pQ, it follows that A™*' — 1. 
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For n X n unitary matrices U and V with UV — VU, we define Sp(C/) 
to be a sequence consisting of the eigenvalues of U, each repeated as often 
as multiphcity dictates and Sp(J7, V) is a sequence consisting of the pairs of 
eigenvalues of U and V with a common eigenvector, each repeated as often as 
multiplicity dictates. Then the Rohlin property for the product type Z^-actions 
on A with = 1 can be characterized as follows. 

Proposition 13 Let a be a product type -action on a UHF algebra A with 
( mfc I fc e N ( M^^^ I fc e N ( I fc e N ), ( Afe 1 /c e N ) as above. If Afe = 1 
for each fc e N then the following conditions are equivalent: 

(1) a has the Rohlin property. 

(2) ( Sp{&k=m'^'k^ ^ '^k=m'^^k'^) I ~ . . . ) is Uniformly distributed 
for any m G N . 

Proof By Corollary^, (1) is equivalent to the condition: has the Rohlin 

property as a single automorphism of A for each {p,q) G \ {0}. By [p^ 
Lemma 5.2] this condition is equivalent to the condition: 

(1)'' (2)'' 1 I , 1 ^ 

""fe "fc \ n = m, m + 1, . . . ) 




is uniformly distributed in T. By Proposition |0| for iV = 1, the last condition 
is equivalent to the condition: for any m e N 

lim — ^ y X{Xl = , 

where N{m,n) = Y['k=m''^k- Finally by Proposition |lO| for N = 2, the last 
condition is equivalent to (2). I 

In ||l^ A.Kishimoto showed the following for a UHF algebra A. 

(1) Any two product type Z-actions on A with the Rohlin property are ap- 
proximately conjugate. 

(2) For any Z-action a on A with the Rohlin property and e > 0, there 
exist a product type Z-action f3 on A with the Rohlin property and an 
automorphism 7 of ^ such that a k, f3. 

In particular there is one and only one approximate conjugacy class of Z-actions 
on A with the Rohlin property. In the case of = 2 we do not know whether 
(2) is valid or not. In the rest of this section we state several versions of (1) for 
Z^. 
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Theorem 14 Let a and f3 be product type Ti'^ -actions on a UHF algebra A 
with the Rohlin property. Let a be determined by {nik \k £ N), (Afcjfc G N) 
as in Definition |77| and Remark 12, and /3 &?/ ( | Z G N ), ( /i; | / £ N ). // 
Afc — fJ-i = i for each k, I G N, then a and [3 are approximately conjugate. 

Proof. By patching several parts of the 's and the M„; 's respectively there 
exist a sequence ( N}^ | fc G N ) of integers satisfying A''o = and N^^ > (/c > 1) 
and sequences ( U^^^ | fc G N ), ( t/^^' | fc G N ) of unitary matrices such that 

Uj^^uj^-Uj^^ul^^ (z = l,2, fcGN), 

/ CO oo oo 

{A, a^, , J ^ (g) Mn, , (g) Ad ,<^AdU, 



(1) /On /ij7-r(2) 

2k 

k=0 k=0 k=0 



{A, , J - (g) Mat, , (g) Ad Ugl„ (g) Ad U^f^, 



\k=a k=0 k=0 



Let e > 0. Since ( Sp ( ®ILo^ci t^ifcVi' ^fe^o^c? ^2fc+i) e N) is uniformly 
distributed by Proposition |l^ and Uq^'^Uq'^^ = Uq'^''Uq^\ for a sufficiently large 
n there exist a unitary Wi in '^l^'^Mpf^ and unitaries V2^\V2^^ in ^I'^'^Mn^ 



such that 



Then replace Mjv, by 02'!+' Mjv, and t/f ^ by ^^'^^ C/f;^,, C/f by (gj^^l^ L/^, 



(i = 1,2) respectively, and further replace Mn^_^^ by Mn^ {k > 2n + 3) and 
'^2(L„)+i by ^2(L„)+2 by = 1,2, fc > n + 1) respectively. 

Thereby Wi G f/(MAr, MatJ and ^3*^^ G U{Mn^), which satisfy 

||AdVKi(C/f ^) - t/^'^ ® < 2-2e . 

In the same way, after replacing M7V3, t^2*^ ^3*' ^t*^- suitably, there exist a 
unitary VF2 in MjVj (X) Matj and unitaries V^^\ V^'^'' in M^Vg such that 
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\\AdW2{U^"^) - ® Vi'>\\ < . 
By repeating the above procedure for fc = 3,4, . . ., we can construct a unitary 
Wfc in MjVfc (g) MjVfc+i and unitaries in MjVfe+i in such a way that 



Thus 



{A, a^, , J ^ (g) M^, , (g) Ad [/(^^ , (g) Arf U^'^ 

\ fc=0 fc=0 fe=0 

X oo oo OO 

\ fc=0 fc=0 fc=0 

where 7e = ®'^iAdW2k and 



oo oo oo 



\ k^o k^O k=0 / 

2/00 00 00 \ 

V fe=o k=0 k=0 / 

where jo = ®feLo^^^2fc+i- This completes the proof. | 

As mentioned in the introduction, wc discuss product type actions for two 
classes of UHF algebras. Let {pk\k G N ) be the prime numbers in the in- 
creasing order. For a sequence {ik\k e N ) of nonnegative integers with 
Y^kLi^k = 00, put qk = Pfc*" and let A = ®fLiMq^. We regard M,^ as a 
C*-subalgebra of A. We consider the class of product type Z^-actions a on this 
A. Assume that a looks like 

a(p,,)rM,, =Ad4^)^f ' (14) 

on Mgj^ with unitaries u^^\u^^'' in Mq^^ and G T satisfying u^^^u^^'' = 
Xku''^^ul^\ Since A'*" = 1, we may regard Xk as an element of Gk = Z/g^Z. 
We let [a] be the sequence ( Afc | A; G N ) in HfeLi ^k- We define an equivalence 
relation in Hftli ^fc by: g ^ h if there is an n such that gk = hk for all k > n. 
Let be the trivial sequence ( 0, 0, . . . ). We note that for every g G Ofe^i ^fc 
there is an action a in the above class with [a] = g. 

Theorem 15 (1) If a is an action in the above class and [a] ^ 0, then a has 
the Rohlin property. 

(2) // a and (3 are actions in the above class and satisfy the Rohlin property, 
then the following are equivalent: 
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(2.1) [a]^[/3]. 

(2.2) a and (3 are outer conjugate. 

Before proving Theorem |l^ we introduce some notations and prepare a 
lemma. For a positive integer n and A € T with A" — 1, we define the n x n 
unitary matrices S{n) and ri(n, A) by 



Sin) 







n{n,x) = 



Lemma 16 Suppose that U and V are n x n unitary matrices such that 

UV = exp{2Trik/Ti)VU 

for some fc £ N. Let q/p be the irreducible form of k/n. Then there exist 
uji, € T {i — 1, ■ . ■ , n/p) such that [U, V) is conjugate to (Ui (g) U2, V\ ® V2), 
where 

A = exp(27ri/c/n) 
Ui = S{p) , ^1 = r!(p,A-i) , 

n /p n I p 

1=1 i=l 

Moreover each UJi,^i are unique up to multiples of powers of X. 

Proof. Since U^V — VU^ we have a complete orthonomal system of C" consist- 
ing of the common eigenvectors of and V . We take such a system (^(K./i) |k, ^) 
i.e., 

Then if uj^ = n, the space spanned by 

is invariant under U, V, and the matrix representation of (U, V) with respect 
to the above basis is {ujUi, fiVi). Thus {U,V) is conjugate to the direct sum of 
{tOiUi, fiiVi) for some sequences uji^^i in T. Since {uUi^fjVi) is conjugate to 
[cuX'^Ui, fiX^Vi) for all k,j, the last statement is obvious. | 

Proof of Theorem [11(1) 
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Let a be given as in the theorem. Take unitaries u^^"^ , u"^^ in Mq^ and 
Afe G T as in ([ij). By CoroUary ^ it sufRces to prove that a(p^g) has the 
RohUn property as a single automorphism for each (p, (?) € \ {0}. From 
the assumption there is a subsequence ( pk„ |neN)of(pfe|/ceN) such that 
Afe,^ 7^ 1 for any n. Applying Lemma |l^ to we have a decomposition 

(■"il'',! ® "il'',2' ^^kl,i ® "i!.^,2) of ("il^ ^i^j) t° conjugacy, where 
for some 1 < j„ < ifc„- Then it is easy to see that 

(sp(4S'4!'/) i^eN) 

is uniformly distributed in T. This ensures that 

/ I 



(Sp( ^uru^''] \l>k. 



is also uniformly distributed for all fco- Hence a(p_q) = (gj^j^Adw^ u)^ has 
the Rohlin property by |16, Lemma 5.2]. I 

To prove Theorem ^ (2) we introduce an invariant as a slight generalization 
of that in ^ . 

Definition 17 For n x n unitary matrices U, V and A G T with A" = 1, 
if \\XUV ~ VU\\ < 2 then the closed complex path -f(t) = det((l - t)XUV + 
tVU) {t G [0, 1]) does not go through zero. We define uj\{U, V) as the winding 
number of the path 7 around zero. 

From \\\UV -VU\\ < 2 we can define \og{\~^VUV*U*), with log the prin- 
cipal branch of the logarithm. As is shown in [|o|, Lemma 3.1] 

^x{U,V) - -^Tr(log(A-iyC/F*C/*)) 

with the nonnormalized trace Tr on M„. 

Proof of Theorem ^ (2). 

Take e ?7(M,J, Afe G T as in (0) for a, and £ U{Mq^), 

IJk ^ T for P similarly, i.e., 

(1) (2) (2) (1) 

Wfe Wfe ^A^fcWfe Wfe • 
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First we show that (2.2) hiiphes (2.1). To get a contradiction we assume that 
outer conjugate a,/3 satisfy [a] 9^ [/3]. Outer conjugacy means 

AdWiOa^. =7^1 0/3^^ 07 (i = l,2) 

for some unitaries Wi, W2 G A and an automorphism 7 of A. For any e > we 
have a positive integer M and unitaries W[, W2 in ®^^iMq^ with 1| W^i — W/|| < e 
(i = 1, 2) so that 

WAdWloa^^ -7"^ 07II < 2£ . 

By the assumption there exists a positive integer K > M with A/^ /i/f. 
Further take a suffciently large N > K such that 

where X Y means that for any x E X there is j/ £ F satisfying ||a; — y\\ < 
s\\x\\. Here we use the perturbation theorem Corollary 6.8], that is, for a 
sufficiently small £ > we have a unitary wi in A such that 

AdWl O -f{Mg^) C Mg, (E) ■ ■ ■ (g) Mg„ 

and Ijiui - 1 II < 28e^ . Set 71 = Adwio 7, Si = 71 (Af,^ ) and B2 = Af^^ (g) • • • 
Afg„ nB[. Then 

A^gi (8) • • • ® Afg„ = Bi ® B2 , 
7i o Ad W/ o o 7f i(Bi) = Bi , 

71 o Ad o a^^ o 7f 1 [Bi = Ad 71 (u^^ ) 

for i = 1,2. Since ||AdH^{ o — 7^"-^ o f3^^ o 7i|| < Cie^ for some positive 
constant Ci independent of e we have 

Noting that Bi, (3^^{Bi) C Af^^ (g)- • -^Mq^^, we can use |||, Corollary 6.8] again. 
So we have a unitary W2 in Mq^ ® ■ ■ ■ ® Mq^ such that 

Adw2 l3^^{Bi) C Bi , 
11^2 - 1|| < C2e^ 

for some positive constant C2 ■ As Mq^ ® ■ ■ ■ ® Mq^ is finite-dimensional and 

Adw2ol3^,{Bi)=Bi , 

AdW2 O {Mq, ® • ■ • (g) Mq„) =Mq,®---(g) Mq^ , 

we have unitaries Ui in Bi and U2 in i?2 such that 

Adw2 o (3^^ \Bi ^ AdUi , 
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Adw2o(3^, \B2 = AdU2. 
For these unitaries we have the foUowing estimates: 

\\{Ad-fiiu'^^^)~AdUi)\Bi\\ = Wij^oAdWioa^^o^-^ ~Adw2 0p^J\Bi\\ 

< W^i o AdW{ o a^j^ o ~ Ad o 

< CasK 

N 

\\Ad{Ui®U2)-I^Advi''^\\ < Pdw2 0%-%|| 

k=l 

< CiE^ 

for some positive constant C4. Thus we obtain scalars 771, 772 of T such that 

AT 

IIC/l 0^/2-772 04'^ II < 4C4£i 

Consequently we have 

N 



k=l 



for some £ T and positive constant C5. Similarly for the direction of ^2 we 
obtain a unitary V2 in B2 such that 



N 



k=l 



for some ^ G T and positive constant Cg. To use an invariant in Definition 
we set IX = A*fc- Then there is a A G T such that A'^ "'^" = 1 and 

|A7i-l| + 2(C5 + C6)e3 <2 . 

Note that ui\ is invariant under homotopy of unitaries for which uj\ is defined. 
From the above estimates we have 

N N 

(71 {U^K^ ) C/2 , 71 ("^^ ) ® ^2) = (^7 (g) C (g) ) 

fc=l fe=l 

for a sufficiently small e > 0. We now evaluate the both sides to get a contra- 
diction. Let ^ 

Afc ^ exp(27ri ■ — ), /ifc = exp(27ri • — ), 
qk qk 
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A = exp(27ri • ) 

qi - --qN 

for some s^, G {0, . . . , gfc — 1} and s G {0, . . . , (qi • • • (/at — 1)}. Then 




,qi- ■ -QN qx 
for some 1^2 e ^^gi - gjf-i9jf+i - «jv '^ith Tr(iJ2) e Z. Thus 



lgi---i3K_igK+i---?N +^2 



jh-- - qN qx 
-s - s^gi • • • qx-iqx+i ■ ■ ■ qN + gifTr(iJ2). 




On the other hand 



ifegi • ■ ■ qk-iqk+i ■ ■ ■ qN + nqi ■ ■ ■ q^ 



N 

-s — 
fe=l 



for some n G Z. Therefore 

{sK - iA')gi ■ • • qx-iqx+i ■■ - qN ^ gA'Tr(H2) + h ngi ■ • • . 

Noting that sk — ^ and — tj^ is not divided by qK, we have a contra- 
diction. 

Next we show that (2.1) imphes (2.2). We assume [a] ^ [/?]. Then we may 
also assume that — for any k since inner perturbation does not change 
outer conjugacy classes. If there is a /cq S N such that Afc = 1 for any k > ko, 
then we have the result from Theorem ^ If there is no such ko, we pick up all 
the fc's with Afc 7^ 1 and make the subsequence {pk^ \n G N) of {pk\k G N). 
Let Afc = exp{2TTisk/qk) as before. Then for any N 

kN f ^ \ 

nA. = exph.^.^j^j . 

k=l \ n=l " / 
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By noting that Sk„ ^ and Qk^^s are relatively prime to the each others, 
Skr,/qk^ equals to 

Sn 

in the irreducible form for some positive integers ji, . . . , Jat and Spf. Here we 
apply LemmalTelto two pairs («)fc"i4^\ ^fe^ivf^) of uni- 



taries. Then for any e > 0, if we take a sufficiently large iV, these pairs are almost 
conjugate i.e., there is a unitary wi in such that 

C/CJV \ fcjv 

fc=l / fe=l 

for i = 1,2. We adopt the same method for ^feL^jv+i-^^gjc ^-^d 2^^e in place of 
e. Repeating this procedure as in the proof of Theorem [I^, we have the result. 



Remark 18 Let A — M3 M2=o and let a;„ = exp(27ri/n) for each n e N. We 
define Z^-actions a, P on A by 

aj, = Adr!(3,c<j3)® ^p)Ad^^(2^c<J2fc)^ , a^, = Ad 5(3)® ^0 Ad 5(2'=)^ , 

% = «dM3 ® Ad^^(2^c^2'=)j , = «rfM3 ® Ad5(2'=)^ . 

Then the same arguments as in the first part of the above proof show that a, (3 
have the Rohlin property and they are not approximately conjugarte. However 
they are clearly outer conjugate. 



Let { (7fc I fc S ii' } be a finite or infinite set of prime numbers. We next 
consider product type Z^-actions on the UHF algebra 

(g) M,^ , 

keK 

where Afg~ is understood as ®'^^iMq^ . 

Theorem 19 For the above UHF algebra, any two product type Tp'-actions with 
the Rohlin property are approximately conjugate. 



Proof. From Theorem 14 it is enough to prove that for any product type Z 



2 



action a on A with the Rohlin property and e > 0, there exist an automorphism 
7 of A and a product type action (3 with the Rohlin property such that a k, [3 



29 



and P has the same form as in Theorem i.e., there exist a sequence {ni\l G 
N) of positive integers and sequences ( vf'' \l e N), (w^^ | / G N) of unitary 
matrices such that 




{A, (3^, , J = (g) M„, , (g) Ad «P\ (g) Ad ^ 



a=i 1=1 1=1 
Let (pfc I fc G N ) be the prime numbers in the increasing order. By definition 
we find a sequence ( | fc G N ) of positive integers in such a way that each 
/c G N thei 
satisfying 



/c G N there are nonnegative integers ra"^^ , . . . riii]^''\ unitaries Wfc , and Afe G T 



oo oo 



Vfc=l Pi ■■■Pn'I k=l k=l J 

Uk, Vk G U{M ^(1) ^(JVj,)), MfcUfc = XkVkUk, 

pT" -pZi 

(1) ("*;) 

Set Qk = pT" ■■■pTiI ■ By Remark A^" = 1 for each k. If Afe = 1 
for any fc, we are done, so we assume that Afc 7^ 1 for some fc G N. Take 
ki = min{ A; G N | A/c 7^ 1 }. For n > fci + 1 we define 



N{n)= II Qk, A(n)= J] Afe 



k=ki+l k=ki + l 

and relatively prime integers M{n) and K{n) by 

K{n)' 



M(n) < N{n), K{n) G {0, . . . , M{n) - 1}. 

If we set mS'^\n) — max{ m^*'' |fci + l<fc<n}(i = l,...,A'feJ then for 
each i the exponent of the factor pi in M{n) is less than or equal to rrS'^'^{n). 
Hence taking a sufficiently large n, we can make the exponent of the factor pi 
in N(n)M(n)~^ as large as we like if rrS^\n) ^ 0. In particular N{n)M{n)~^ 
is divided by Q\_^ and N{n) is much larger than M{n). 

We want to show that for any 5 > 0, which is much smaller than e, there 
exist positive integers n, mi, m2 and unitary matrices Ui,Vi (i — 1,2,3) and 
W such that 

n > ki + 1, mi, 1712 ^ , 



30 



and 



mim2^ N{n)M{ny^Q^^, 

Ui,Vie Mq^^, U2, V2 e Mm(„)q,^, 
U3, V3 e M^(„)^,(„)_,Q-2, w e M^(„), 

Sp(C/3, V3) is (mi,m2;(5) — distributed (15) 

fe=fci+i fc=fci+i fe=fei+i / 

( A^Q,^ (»Mm(„)Q,^ ®^N(n)M(n)-^Q-^^ 

'^1 

^d(J7i ® C/2 ® t/3), Ad{Vi ®V2®V3)) . 

Suppose that we have shown this statement, then we can construct the required 
7 and (3 as follows. Set 

ni = {Q1Q2 ■■■Qk,)-Qk,- N{n)M{n)-^Q^'^ , 
Wi = W . 

Then t;^^^ G ?7(M„j). Applying the same method to 

( MM(n)Qui ®\ J ' ^^^^^2 ® ( ^cJWfc J , 

\ \fe=n+l / \/c=rt+l / 

AdV2®i (g) AdvA J 
\fe=n+l / / 

and 2~^£ in place of 

Coo oc 00 \ 

(g)AfQ,, ^Aduk, ^Advk 
fe=i fe=i fe=i / 
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and e, we get n2,V2^\v^\W2- Repeating this procedure as in the proof of 
Theorem we obtain an automorphism 7 as the infinite product of AdWi 
{i = 1,2, . . .) and an action j3 as 

CO 

=(g)Adz;f' (i = 1,2) . 

/=i 

This (3 also has the RohUn property due to (|l^. Hence we have the required 7 
and (3. 

Now we show the remaining part of the proof, that is, the existence of 
n,mi,m2 G N, unitary matrices Ui,Vi {i ~ 1,2,3) and W satisfying the pre- 
scribed conditions. By Lemma ^ we can decompose (up to conjugacy) 

Cn n n \ 

(8) Mq^, (g) Uk, (g) Vk 
fc=fei + l fc=fei + l k=ki + l / 



into 

'2 



where u["^ = S{M{n)), v/"^ = f7(Af(n), A(n)-i) and C/2^"\ f/"^ are some 
commuting unitary matrices. Furthermore we see 



(Sp(C/i"\yi"))|n>fci + l 



is uniformly distributed. Actually note that Sp(C/2"\ Fg'"'') is unique up to 
piecewise multiples of {X{n)^, A(ri)') for any fc, ^ G N. So if sup{ M{n) | n > fci + 
1 } = 00 then it is clearly uniformly distributed. If sup{ M(n) | n > fci + 1 } < 00 
then there is a positive integer M such that M is divided by M{n) for any 
n> ki + 1. Noting that 

\fc=fci + l / \fc=fci + l / ^ ^ ' \fc=fci + l / \k=ki + l J 

we have 

{ <S) i -'A = ( ( (8) -Aj 

\k = ki+l I \/£ = fei+l / \fc = fei+l / \/£ = fei+l / 

for any rt > fci + 1. This implies u^^v^' — v^^u^^ for any k > ki + 1. Hence by 
Proposition [l^ 

Cn n \ 

(g) 4', (g) 4'] \ n>k, + l) 
k=ki+l fe=fei + l / 
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is uniformly distributed. Since 



sp 6d < 



_ k ■> 

k—kx-\-l k—k 



.-1+1 / ^ ^ 



it follows that 

(Sp(t/i"\ Vt^) \n>k, + l) 

should be uniformly distributed. Using this distribution of the joint spectrum, 
we can make for a sufficiently large n 

close to (up to conjugacy) 

in norm, where 

and Sp([/5"'', Vg''"'') is (mi, TO2; (5)-distributcd for some mi,TO2 G N satisfying 

mi,TO2 > (5^"'^, 17111712 — N{n)M{n)^^Q'f^^ . 
Since U^V^ = ^^^VlU^, we obtain desired unitaries in such a way that 

Ui = Ui, Vi^ vi , 



We complete the proof. 



Now we sum up the results we have shown so far. Let (pfc | fc G N ) be the 
prime numbers in the increasing order. By Glimm's theorem ([0), for any UHF 
algebra A there exists one and only one sequence {ik\k £ N ) of nonnegative 
integers or 00 such that A = ®T^iM , where Mp~ is understood as (gjJ^iMp^. 

Then our classification of Z^-actions on A is as follows: 

Theorem 20 Let A he a UHF algebra with the invariant ( i/j | fc e N ) as above. 

(1) //tt{fcGN|l<ife<oo} = oo then there are infinitely many outer conju- 
gacy classes of product type -actions on A with the Rohlin property. 

(2) //tj{/cGN|l < ik < 00} < 00 and A is infinite- dimensional then there is 
one and only one outer conjugacy class of product type Z'^ -actions on A with 
the Rohlin property. 

(3) If A is finite- dimensional then there is no 7?-action on A with the Rohlin 
property. 
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